Abstract. We study spectral properties of the flowẋ = 1/F (x, y),ẏ = 1/λF (x, y) on the 2-torus. We show that, in general, the speed of approximation in cyclic approximation gives an upper bound on the Hausdorff dimension of the supports of spectral measures. We use this to prove that for generic pairs (F, λ) the spectrum of the flow on the torus is singular continuous with all spectral measures supported on sets of zero Hausdorff dimension.
Introduction
On the torus T 2 := R 2 /Z 2 consider the flow T t defined by
It is known that for 'most' real analytic F > 0 there exist λ such that the flow has purely singular continuous spectrum (see Chapter 16 in [1] ; the presentation there is based on results of Kolmogorov [13] , Shklover [20] and Katok [9] ). It is also known that for Lebesgue almost all λ the spectrum is discrete if F ∈ C 5 . Thus small perturbations in λ can render the spectrum of the flow either continuous or discrete.
This raises two questions. How exceptional is singular continuous spectrum for these flows? What can be said about the Hausdorff dimension of the supports of the spectral measures when the spectrum is singular continuous?
These questions are motivated in part by analogous questions in the theory of Schrödinger operators [21, 2] . There exist one-parameter families H λ of Schrödinger operators that have purely discrete spectrum for almost all λ and purely singular continuous spectrum for generic λ (i.e. for λ in a dense G δ ). But this spectral instability is not as dramatic as it first seems, because for all λ all spectral measures are supported on sets of Hausdorff dimension zero [2, Theorem 7.4] .
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In §2 we show that singular continuous spectrum is in fact common: it occurs for generic pairs (F, λ). The proof is based on Simon's wonderland theorem [21] and a small change to the proof presented in [1] . In §4 we show that the spectrum is generically zero dimensional. The proof uses a result of Strichartz in Fourier theory [23] , new spectral decompositions of self-adjoint operators [16] , and elements of the theory of periodic approximations [10, 1] . These two results show that the spectrum is generically singular continuous and zero dimensional. We do not know if the spectral measures are supported on sets of Hausdorff dimension zero for all λ.
As an intermediate result we show in §3 that, in full generality, the speed of approximation of a flow in a cyclic approximation provides an upperbound on the Hausdorff dimension of the support of spectral measures. The discrete time analogue gives a weak version of a recent result of Iwanik [8] .
Dimensional properties of spectral measures of dynamical systems are of interest for a number of reasons. First, it is natural to study them. Next, in particular examples, as in the flows on the torus we study here, the fact that spectral measures are supported on sets of zero Hausdorff dimension sheds new light on the transition from discrete to singular continuous spectrum. Finally, those dimensional properties are related to rates of decay of (averaged) correlation functions [12] and to critical exponents of generalized random walks [7] .
Flows defined by differential equations of the form (1) are not as special as they may seem. If A, B ∈ C 5 (T 2 ) and the flow defined by
has no fixed points and has an invariant measure that is absolutely continuous with respect to Lebesgue measure with a density that can be chosen to be C 5 , then (2) reduces to (1) by a change of coordinates ( [22] , or §16.1 in [1] ). If F is not smooth then the flows defined by (1) can be strongly mixing [14] . The flow can also have mixed continuous-discrete spectrum, for continuous F [15] and even for analytic F [3] .
Singular continuous spectrum is generic
There are four main steps in the proof in [1] that there exist real analytic functions F for which there are λ such that T t has purely singular continuous spectrum. First, the flow T t can be represented as a flow S f,λ t under a function f > 0 over the rotation R λ u = u + λ on T, where Third, for every real analytic f > 0 which is not a trigonometric polynomial there exist β ∈ T such that the flow S f,β t is weakly mixing [1, §16.4] . That means that the spectrum of S f,β t is continuous; by the second statement it is then purely singular continuous.
2πiku is the Fourier series of the real analytic function f on T then for all λ ∈ R (3) has a real analytic solution F > 0 if
[1, Lemma 16.4.1]. Thus there exist real analytic F for which the flow T t has purely singular continuous spectrum for some λ.
It is also clear now that for 'most' real analytic F > 0, there are λ for which T t has purely singular continuous spectrum. For if F > 0 is real analytic then so is f > 0; 'most' real analytic F have infinitely many non-zero Fourier coefficients and 'typically' those will not be such that f is a polynomial. In any reasonable topology 'most' will certainly encompass a dense set.
The small change to a proof in [1] is in the third step. The wonderland theorem [21] can be formulated as follows. Let X be a complete metric space of self-adjoint operators on a separable Hilbert space for which convergence in the metric implies strong resolvent convergence. Suppose the sets of operators in X that have purely continuous spectrum and purely discrete spectrum are dense in X . Then there is a generic set in X (i.e. a dense G δ ) of operators that have purely singular continuous spectrum. It is straightforward to apply the wonderland theorem to a flow under a function over a rotation of the circle [6] .
PROPOSITION 2.2. If a real analytic f > 0 is not a trigonometric polynomial then the flow S f,α t
has purely singular continuous spectrum for generic α. It follows that for every real analytic F on T 2 for which the function f defined in (3) is not a trigonometric polynomial the flow T t has purely singular continuous spectrum for generic λ. The set of generic λ depends on F . This should be contrasted with the fact that for every real analytic F the flow T t has purely discrete spectrum for Lebesgue almost all λ in a set that is independent of F . (For F ∈ C 5 the flow has purely discrete spectrum for all λ such that |λ − p/q| > C/q 4 for some constant C and all relatively prime integers p, q [1, §16.2] .) It is not a priori obvious that the flow T t has purely singular continuous spectrum for generic pairs (F, λ) . are purely singular continuous on R\{0} for a dense set of (F, λ) (if φF dx dy = 0 they have a point mass at 0). They are also purely discrete on R\{0} for a dense set of (F, λ) . This is a complete metric space of self-adjoint operators on the separable Hilbert space H. Convergence in metric implies strong resolvent convergence (by the argument in the proof of Proposition 2.2). There are dense sets in A c × R for which the spectrum is, respectively, purely singular continuous and purely discrete on R\{0}. The wonderland theorem (in the form of Theorem 2.1 of [21] ) gives that the spectrum of L F,λ is purely singular continuous on R\{0} for generic (F, λ). For generic pairs (F, λ) , therefore, the flow T F,λ t has purely singular continuous spectrum on the orthogonal complement of the constant functions in H F .
Unfortunately, Proposition 2.3 does not lead to a genericity result of purely singular continuous spectrum for the systems of the form (2). Changing either A or B can result in a system that has no absolutely continuous invariant measure. Thus there seems to be no way in which a set of systems of the form (2) can be made into a complete metric space to which our results extend.
To conclude this section, let us comment on a difference between genericity of purely singular continuous spectrum for flows and for automorphisms (invertible measurepreserving transformations).
Consider the Lebesgue space ([0, 1], dx) and the set B of all automorphisms that leave dx invariant, with the weak topology. Halmos [4] has shown that a generic T ∈ B is weakly mixing. Katok and Stepin have shown by cyclic approximation that a generic T ∈ B has purely singular spectrum (which can have a discrete part) [10, Theorem 1.1 and Corollary 3.1]. Together, these results give that a generic T ∈ B has purely singular continuous spectrum. (Knill [11, 12] has recently pointed out that genericity of purely singular continuous spectrum in B can be obtained from Halmos [4] and the wonderland theorem, without invoking the theory of cyclic approximation.)
To prove the denseness of the G δ for which the spectrum is singular, Katok and Stepin rely in their Theorem 1.1 on the conjugacy lemma [5, p. 77] . The conjugacy lemma seems to have no analogue for flows. Thus, for flows, the wonderland theorem is the natural tool to prove genericity of purely singular continuous spectrum.
Cyclic approximation and the dimension of spectral measures
This section shows that the theory of periodic approximation gives upper bounds on the Hausdorff dimension of spectral measures. The emphasis is on flows. Analogous results for automorphisms are stated and briefly discussed at the end of the section. We start with some definitions.
A flow T t on a Lebesgue space (X, m) allows a cyclic approximation with speed g(u) → 0 if there exists a sequence of partitions {C The decomposition of a measure µ = µ ac +µ s into an absolutely continuous part µ ac and a singular part µ s can be generalized. For every β there is a decomposition µ = µ βc +µ βs into a β-continuous part µ βc and a β-singular part µ βs . A measure µ is β-continuous if µ(S) = 0 for every Borel set of zero β-Hausdorff measure and µ is β-singular if it is supported on a set S of zero β-Hausdorff measure. For details, see [19, §3.3] or [16] . If µ is β-singular for all β > 0, then µ is called zero dimensional. This is equivalent to the statement that µ is supported on a Borel set S of zero Hausdorff dimension. We say that a flow T t has zero-dimensional spectrum if all its spectral measures are zero dimensional. (−1, 1) .
, we have µφ = |ψ| 2 µ φ , so µφ is uniformly β-continuous. 
where 2 is as in the proof of Theorem 15.4.1. There it is shown that 2 ≤ 2C √ Q n g(Q n ) (without using any specific form for g). Therefore Let µ be a bounded measure on R. A theorem of Strichartz [23] states that if µ is uniformly β-continuous, then there is a constant C such that
We say that a countable set A ⊂ R + (or ⊂ N) has positive β density if there is a constant C such that |{a ∈ A | a < n}| ≥ Cn β for infinitely many n → ∞. 
By the argument in the proof of Lemma 3.1 there exists a φ ∈ H with a spectral measure µ φ that is uniformly It follows that there is a constant C such that
for infinitely many L → ∞. This contradicts (6) .
Note in step (ii) that information about the speed with which t n → 0 as a function of Q n would allow a sharper bound on the Hausdorff dimension.
The discrete time analogues of Proposition 3.2 and Theorem 3.3 can be formulated as follows. The proofs of Proposition 3.4 and Theorem 3.5 are analogous to those of Proposition 3.2 and Theorem 3.3. One has to set t n = 1. A proof of the Fourier series version of Stricharz' theorem is given in [12] . The discrete time version of Theorem 15.4.1 in [1] can be found as Theorem 3.3 in [10] .
Iwanik [8] has a result that is stronger than Theorem 3.5. Under a hypothesis that is implied by the hypothesis of Theorem 3.5 he obtains the sharper bound ≤1/r. His proof is completely different from ours and uses simultaneous Diophantine approximations. He does not discuss flows. Note that Iwanik gives an example of an automorphism with zero-dimensional continuous spectrum to show that his bound 1/r is not optimal.
